Pulsar Timing Perturbations from Galactic Gravitational Wave Bursts with
  Memory by Madison, Dustin R. et al.
Pulsar Timing Perturbations from Galactic
Gravitational Wave Bursts with Memory
Dustin R. Madison∗
National Radio Astronomy Observatory, 520 Edgemont Rd., Charlottesville, VA 22903, USA
David F. Chernoff and James M. Cordes
Department of Astronomy, Cornell University, Ithaca, NY 14853, USA
(Dated: October 12, 2018)
Pulsar timing arrays (PTAs) are used to search for long-wavelength gravitational waves (GWs)
by monitoring a set of spin-stable millisecond pulsars. Most theoretical analyses assume that the
relevant GW sources are much more distant from Earth than the pulsars comprising the array. Unlike
ground- or solar system-based GW detectors, PTAs might well contain embedded GW sources.
We derive the PTA response from sources at any distance, with a specific focus on GW bursts
with memory (BWMs). We consider supernovae and compact binary mergers as potential Galactic
BWM sources and evaluate the signature for an array with pulsars in globular clusters or in the
Galactic center. Understanding the response of PTAs to nearby sources of BWM is a step towards
investigating other more complex Galactic sources.
I. INTRODUCTION
Pulsar timing arrays (PTAs) track the rotational phase
of stable millisecond pulsars (MSPs) to search for grav-
itational wave (GW) signals with frequencies between
approximately 10−9 and 10−7 Hz and strain amplitudes
between approximately 10−16 and 10−14. Many of the
MSPs have been timed for more than ten years with RMS
residuals less than 100 ns [1–7]. The range of GW fre-
quencies and strains made experimentally accessible with
PTAs encompasses astrophysical sources distinct from
those of ground- and space-based GW detectors and tar-
gets hitherto unexplored regions of the GW parameter
space. Supermassive black hole binaries (SMBHBs) con-
stitute the best known conventional source population for
PTAs but it is possible that exotic, less well-understood
sources like primordial density fluctuations and cosmic
(super)strings will be detected [2, 6, 8–10]. Such a detec-
tion would be both revolutionary and important.
Ground- and space-based GW detectors are several
kilometers and several million kilometers in size, respec-
tively, while the pulsars involved in PTA efforts are lo-
cated kiloparsecs from Earth. The ratio of the size of the
detector to the GW source distance is an intrinsic pa-
rameter affecting the nature of the waveform incident on
the detector. For ground- and space-based detectors, the
ratio is always much less than one, even for GW sources
within our own Galaxy. For PTAs, on the other hand,
the ratio is source dependent. It is very small for SMB-
HBs located hundreds of megaparsecs away and in such a
case the commonly used plane-parallel treatment for the
GWs is completely adequate. But for sources within the
Galaxy, the plane wave limit is inadequate [11–15].
When a source ejects particles and/or radiation in
an asymmetric fashion, one consequence is a permanent
∗ dmadison@nrao.edu
change in the distance between freely-falling test masses.
Linear and nonlinear terms in the Einstein equations cou-
ple components of the varying stress energy tensor to give
a net change in the metric. This is memory, an effect that
generically accompanies the violent processes that lead to
GW emission. In this paper, we calculate the PTA re-
sponse to a GW burst with memory (BWM). Explosions
and inspirals provide astrophysical situations where such
an effect is to be expected. The characteristic timescale
for the memory to reach its final value is the timescale
for the explosion or inspiral [16–20].
In bursting sources such as core-collapse supernovae,
memory grows to its final value on the dynamical
timescale of the newly-formed neutron star. The situ-
ation for inspirals is less clearcut since the process is
a long event punctuated by the final merger. Presum-
ably the magnitude of the instantaneous contributions
to the final metric change correlates with the instanta-
neous amplitude of GW emission from the source. Cur-
rent post-Newtonian estimates suggest that for merging
binaries, the accumulated memory effect increases grad-
ually through the long early stages of inspiral and then
rapidly in the final chirp and plunge. The effect need not
grow monotonically since the metric change is a signed
quantity. The final value has not yet been calculated for
binary mergers by numerical relativity, the only reliable
description of the most important phases, the plunge and
coalesence. In any case, we will treat both explosions
and inspirals as instantaneous events and the magnitude
of the final memory as a critical parameter that must be
estimated.
Several works have detailed the PTA response to
BWMs in the plane wave limit [21–25] and derived up-
per limits on the amplitude and the rate of events [26–28].
Today’s constraints currently lie above theoretically pre-
dicted levels due to the SMBHB population. Since many
GW sources can produce memory effects, BWM searches
serve to discover and/or limit a wide class of phenomena
[29]. Furthermore, apart from the details of any par-
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2ticular source, the mere detection of memory would be
important as a physical test of deep concepts in general
relativity. Strominger [30] describes memory as a conse-
quence of infinite symmetries and conserved quantities in
general relativity, a cornerstone concept for understand-
ing the infrared sector of the theory.
Since BWMs likely accompany a wide array of GW
events and have particularly simple time-domain behav-
ior, they are useful prototypical signals for exploring
near-field GW effects in a PTA’s response. In Section II
of this paper, we derive the pulsar timing perturbation
produced by a BWM, compare our result to the the plane
parallel approximation, and consider feasible astrophysi-
cal sources for Galactic BWMs—supernovae and inspiral
mergers of compact binaries. In Section III, we investi-
gate how Galactic BWMs influence the observed prop-
erties of pulsars and how the observable timing pertur-
bation produced by a Galactic BWM is modified by the
model fitting used in pulsar timing analyses. We also
discuss how timing pulsars in dense stellar environments
such as globular clusters and the galactic center may be
particularly advantageous for detecting Galactic BWMs.
Finally, in Section IV, we discuss our work and offer some
concluding remarks.
II. TIMING PERTURBATION FROM A BWM
Consider a GW burst from a source located at the
coordinate origin. The persistent change in the metric at
a field point a distance r from the origin [16] is
hmemij = δ
N∑
A=1
4GEA
c6r
 viAvjA
1−
(vA
c
)
cos θA
TT , (1)
where the sum is over gravitationally independent groups
of particles with constant 4-momenta labeled by “A”.
The δ indicates that the sum before the burst is to be
subtracted from the sum after the burst. The number of
terms in the summation can vary, e.g. a single particle
can explode into many particles. The energy of the Ath
component of the system is EA and vA is its velocity. The
angle between vA and the direction to the field point is
θA. For particles with invariant mass MA, the energy is
EA = MAc
2
(
1− (vA/c)2
)−1/2
. For massless particles,
vA = c and EA is the energy.
Assume a mass M at rest at the origin explodes at
time t = tburst giving two equal masses that travel along
the positive and negative z axes at equal speed v. The
sum in Equation 1 vanishes before the burst. The initial
energy of the system, E = Mc2, is equally split between
the two outgoing particles and energy conservation re-
quires that the invariant mass of each outgoing particle
be (M/2)
(
1− (v/c)2)1/2. The metric at point r at time
t is
hmemij (t, r) =
4GEv2Θ(tret(t, r)− tburst)
c6r
[
1−
(v
c
)2
cos2 θ
]
Λij,klzˆ
kzˆl, (2)
where Θ is the Heaviside step function and the retarded
time tret(t, r) = t−r/c. The angle between the z-axis and
the field direction is cos θ = zˆ · rˆ (we use xˆ, yˆ, and zˆ as
the unit basis of the center-of-mass coordinate system)
and Λij,kl = PikPjl − (1/2)PijPkl enforces transverse-
traceless gauge at the field point where the projection
operator Pij = δij − rˆirˆj .
Suppose the Earth is located at position dE , a pulsar is
located at position dP , and both are at rest relative to the
BWM source’s center of mass (with distances dE = |dE |,
dP = |dP | respectively)1. Let the distance from pulsar
to Earth be d.
The arrival time perturbation of pulsar photons de-
tected at Earth is
∆(t) =
1
2
∫ t
t−d/c
kˆikˆjhmemij (t
′, r(t′)) dt′. (3)
The integral is over the unperturbed path of the pho-
tons traveling from the pulsar to the Earth and arriv-
ing at time t. The endpoints satisfy r(t) = dE and
r(t − d/c) = dP . In addition to the first order, per-
turbative treatment of the photon’s motion in spacetime
we make two basic assumptions. First, the light trav-
els between pulsar and Earth exclusively in the radiative
zone of the BWM source. That zone begins at least a
few gravitational wavelengths from the source. This is
generally an easy condition to satisfy for a particular
pulsar-Earth path because the zone is small compared
to the characteristic Galactic scale. This is true even for
sources that lie within a PTA detector. Second, Equa-
tion 2 uses θ(tret − tburst) for the BWM waveform. The
characteristic time it takes the memory component to
grow from zero to its final value at a field point depends
upon the physical process associated with the burst. It is
assumed to be short. The time for an explosive event is
a dynamical time, e.g. ∼ 10−2 s for neutron star collapse
and bounce. For merging binaries most of the memory
effect probably accumulates during the plunge and co-
alesence so the time scale is the light travel time across
the post-merger object—kilometers for stellar mass black
1 The Earth, of course, orbits the solar system barycenter (SSB)
which will itself be moving at an approximately fixed velocity
relative to any BWM source. Converting temporal measurements
from observatories on the Earth’s surface to the inertial SSB
frame is common pulsar timing practice so we will continue to
refer to dE as the location of the Earth. Relative motion between
the Earth, BWM source, and pulsar can be treated using the
methods we develop, but to simplify our calculations and reduce
the size of the relevant parameter space, we opt to ignore it.
3holes and less than an AU for supermassive black holes.
All these timescales are short compared to inverse fre-
quencies over which PTAs are sensitive, 107 − 109 s.
A. Evolution of the Timing Perturbation
The non-relativistic limit of Equation 2 is
hmemij (t, r) =
4GEv2
c6r
Θ(tret(t, r)− tburst)
Λij,klzˆ
kzˆl
[
1 +O
((v
c
)2)]
. (4)
We now complete the description of the geometry. Let kˆ
be the unit vector pointing from the pulsar to the Earth.
This is the direction traveled by the photon moving to-
ward the Earth bound observer. Let bˆ be the unit vector
from the source to the point of closest approach along
the photon path. The impact parameter is b and the
path is perpendicular (kˆ · bˆ = 0) at that point. Finally,
let the angle between the source-to-Earth direction and
the photon path be cosβ = kˆ · dˆE. In this geometry the
impact parameter b = dE sinβ and the distance from the
point of closest approach to Earth is dE cosβ.
Combining Equations 3 and 4 yields an explicit
quadrature for the timing perturbation. We con-
vert the integral over time
∫ t
t−d/c dt
′ · · · to the form∫ u+
u−
(dt′/du)du · · · where u = (ct′ − ct + dE cosβ)/b and
the endpoints are u+ = u(t) = dE cosβ/b = cotβ and
u− = u(t− d/c) = u+ − d/b. We find
∆(t) =
GMv2
c5
∫ u+
u−
α0 + α1u+ α2u
2
(1 + u2)5/2
× Θ
[
t− dE
c
cosβ − b
c
f(u)− tburst
]
du, (5)
where
α0 = 2kˆ
2
z + bˆ
2
z − 1, (6)
α1 = −2kˆz bˆz, (7)
α2 = kˆ
2
z + 2bˆ
2
z − 1, (8)
f(u) =
√
1 + u2 − u. (9)
Although the step function has been transformed to be
an explicit function of t, tburst, u and geometric quanti-
ties, it is equivalent to the simple form Θ(tret − tburst)
which is zero for field points with tret(t, r) < tburst or,
equivalently, t < r/c + tburst. Non-zero contributions
to ∆(t) begin when the BWM arrives at the Earth, so
that t = dE/c + tburst. Although the BWM may inter-
sect the path prior to this instant, the perturbed pho-
tons take time to travel to Earth and arrive there later.
Without loss of generality, choose tburst = −dE/c so that
∆(t) = 0 for t < 0. This choice is convenient because all
timing effects begin at t = 0. The timing perturbation
is initially sourced by metric perturbations at spacetime
points near r = dE and t = 0. The effect accumulates
until the whole journey of the photons occurs within the
expanding BWM wavefront.
The integration gives
∆(t) =
∆z
6
α0u(3 + 2u
2)− α1 + α2u3
(1 + u2)3/2
∣∣∣∣u+
uL(t)
, (10)
where
∆z =
2GMv2
c5
,
≈ 0.1 ns
(
M
M
)( v
103 km s−1
)2
, (11)
and the condition for the step function to be unity is
uL(t) < u < u+ with
uL(t) = max
[
u−, f−1
(
f(u+) +
ct
b
)]
. (12)
Here f−1 is the function inverse of f . For bursts of mass-
less particles, ∆z = 2GE/c
5 (the factor of two in our defi-
nition of ∆z is convenient for derivations in Appendix A).
At time
tF =
b
c
[f(u−)− f(u+)] , (13)
the quantity uL(tF ) → u− and the timing perturbation
reaches its asymptotic value ∆F , ∆(t > tF ) = ∆F .
If one fixes the location of the Earth and the direc-
tion to the pulsar then the distance between Earth and
pulsar influences ∆(t) through uL(t) and specifically via
the dependence of u− on d. Consider two such pulsars
with distances d1 < d2. The timing perturbations for
the nearer one saturates first so that tF1 < tF2 but ∆(t)
is the same for both pulsars for times t < tF1. In other
words, there is a common asymptotic form for ∆(t) which
is truncated at different final times as determined by the
distance d. The asymptotic change ∆F depends on d.
We can compare Equation 10 with plane-wave descrip-
tions commonly used in the literature on BWMs and pul-
sar timing. In the plane wave limit, the timing pertur-
bation of a BWM of amplitude hB striking the Earth at
time t0 is
∆P (t) =
hB
2
cos 2ϕ(1 + cosβ)
[(t− t0)Θ(t− t0)− (t− t1)Θ(t− t1)] , (14)
where t1 = t0+(d/c)(1−cosβ) and ϕ is the angle between
the wave’s principal polarization vector and the projec-
tion of the pulsar line of sight onto the plane normal to
the wave propagation direction [22–27]. The subscript
“P” in ∆P denotes the plane-wave limit. The expression
for ∆(t) in Equation 10 reduces to ∆P (t) in the appropri-
ate limiting case (see Appendix A where we relate hB and
ϕ to the variables in Equation 10). Equation 14 implies
that ∆P grows to a final value
∆P,F =
hBd
2c
cos 2ϕ(1 + cosβ)(1− cosβ), (15)
4FIG. 1. The full evolution of ∆(t) for a variety of geometric
configurations of Earth, pulsar, and BWM source. The inset
in each panel is a close-up of the first 10 years of evolution
after the memory wavefront passes through the solar system.
We plot ∆(t) multiplied by dE/d (holding d fixed) to counter-
act the d−1E scaling of the plane wave limit. Without near-field
effects, all curves would follow the dashed black curve.
after a time tP,F = t1− t0 = (d/c)(1−cosβ) has elapsed.
In Figure 1, we compare the evolution of ∆(t) and ∆P
for several configurations of the Earth, pulsar, and BWM
source. We confine the Earth-pulsar system to the x-y
plane, where θ = pi/2. In this plane, Equation 2 reduces
to Equation 4, i.e. any relativistic modifications to the
BWM vanish. We fix d = 3000 lyr, consider four values
of dE (the four curves in each panel), and angles β = 5
◦
(top panel) and β = 175◦ (bottom panel). These choices
facilitate comparison between ∆ and ∆P . The latter has
a particularly simple scaling ∆P (t) ∝ hB ∝ d−1E since ϕ
is constant for Earth and pulsar in the x-y plane.
Figure 1 shows ∆P (t) by the dashed black curve and
β dE tF tP,F ∆F /∆z ∆P,F /∆z
(deg) (lyr) (yr) (yr)
5 3× 101 5940.1 11.4 −0.99810 −3.8× 10−1
5 3× 102 5401.3 11.4 −0.99807 −3.8× 10−2
5 3× 103 261.7 11.4 −0.519907 −3.8× 10−3
5 3× 104 12.7 11.4 −0.000445 −3.8× 10−4
175 3× 101 5999.9 5988.6 −0.001902 −3.8× 10−1
175 3× 102 5999.0 5988.6 −0.001887 −3.8× 10−2
175 3× 103 5994.3 5988.6 −0.001427 −3.8× 10−3
175 3× 104 5989.6 5988.6 −0.000330 −3.8× 10−4
TABLE I. Numbers descriptive of Figure 1. The top four rows
correspond to the upper panel of Figure 1 and the bottom four
rows correspond to the lower panel of Figure 1.
∆(t) by the colored lines. We have multiplied ∆ and ∆P
by dE/d so that all curves would match the dashed black
curve if the plane-wave description were accurate. Devia-
tions from the dashed black curve are due to near-field ef-
fects such as wavefront curvature and non-negligible vari-
ations in the amplitude of the BWM along the photon
trajectory. These deviations highlight the new results of
this calculation. The insets in each panel of Figure 1
magnify the 10 years immediately following the BWM’s
arrival. The differences are most apparent for β near 0
and pi when the impact parameter is small and motivate
the two choices. In Table I, we list tF , tP,F , ∆F /∆z, and
∆P,F /∆z for all curves in Figure 1.
Since the source is axisymmetric in the x-y plane, the
GW amplitude in the plane varies solely with the dis-
tance from the source rather than its orientation or struc-
ture. Any axisymmetric BWM source effectively radiates
isotropically and will produce timing perturbations iden-
tical to those depicted in Figure 1, though with an am-
plitude other than ∆z. We will see this later when we
consider supernovae and inspiral mergers.
B. Relativistic Motions
Relativistic motions modify the timing perturbation
when θ 6= pi/2. In this case, the integral describing the
timing perturbation is
∆(t)
∆z
=
1
2
∫
u+
uL(t)
(α0 + α1u+ α2u
2)du
(1 + u2)5/2
[
1−
(v
c
)2 (ukˆz + bˆz)2
(1 + u2)
] .
(16)
We compute this integral numerically. In Figure 2, we
demonstrate the differences between the relativistic and
non-relativistic solutions. We fix kˆ = yˆ with the Earth
and pulsar situated symmetrically about the x-z plane.
For the top panel, we set d = 1000 lyr and b = 50 lyr;
for all values of θ, β ≈ 6◦. For the bottom panel, we
5FIG. 2. The timing perturbation for a symmetric burst of rel-
ativistic particles (solid curves) and for non-relativistic par-
ticles (dashed curves) for several geometric configurations of
Earth, pulsar, and BWM source. The line connecting the
Earth and pulsar is kept perpendicular to and symmetric
about the exploding source’s symmetry axis and the polar
angle of the vector bˆ is varied between four values of θ.
kept d = 1000 lyr but set b = 5000 lyr; for all values of
θ, β ≈ 84◦. We vary bˆ = sin θxˆ + cos θzˆ. The solid lines
show the relativistic result computed using Equation 16
(with v = c) while the dashed lines represent the non-
relativistic results from Equation 10. As with Figure 1,
the inset in each panel shows only the ten years following
the BWM passing through the solar system.
The top panel of Figure 2 demonstrates that in the 10
years following the BWM, the relativistic solution is al-
most indistinguishable from the non-relativistic solution,
but within approximately 50 yr, the differences become
significant. For small values of θ and b (the red curves
in the top panel in Figure 2), we see that non-monotonic
FIG. 3. The timing perturbation produced by the explosion of
relativistic particles from a supernova. We have simplistically
modeled the distribution of released energy as proportional to
the spherical harmonic Y20(θ, φ). The configuration of Earth,
pulsar, and BWM source is the same for each curve as it was
in Figure 2.
evolution of the timing perturbation is possible. The bot-
tom panel of Figure 2 demonstrates that for large values
of b, relativistic effects eliminate variations in the magni-
tude of the timing perturbation with variations in θ, i.e.
the relativistic burst, when viewed from a great distance,
is a more nearly isotropic radiator of memory than the
non-relativistic burst.
C. Supernovae
Asymmetry in a core-collapse supernova imparts a na-
tal kick to a stellar-mass compact remnant, often result-
ing in velocities of hundreds of kilometers per second,
6quite like the idealized symmetric exploding mass we in-
vestigated above [31]. They are also observed to occur
approximately once per century per galaxy. As such, su-
pernovae are potential sources of Galactic BWMs. But
the kinetic energy of the escaping compact remnant is
only a fraction of the total energy released by the super-
nova. The rest of the energy is jettisoned as relativistic
particles—neutrinos, photons, and GWs.
We describe the energy distribution of relativistic par-
ticles with spherical harmonics:
dE
dΩ
=
∑
l,m
blmYlm(θ, φ). (17)
The l = 0 moment determines the total energy of the rel-
ativistic particles: E =
√
4pib00. The l = 1 moments de-
termine their linear momentum, which counters the mo-
mentum of the ejected compact remnant. If we assume
the remnant is kicked along the z axis, its momentum is
cpz = −
√
4pi/3b10.
The BWM produced by these particles at a field point
in direction nˆ is
hmemij,B =
4GΘ(tret)
c4r
Λij,kl
∫
dΩ
dE
dΩ
ζˆk ζˆl
1− nˆ · ζˆ . (18)
We assume the velocity of outgoing particles is v = cζˆ. In
Appendix B, we work out the form of the BWM produced
by the flash of relativistic particles described by Equa-
tion 18. Moments with l ≥ 2 contribute to the memory.
We then compute the timing perturbation when the only
nonzero moment with l ≥ 2 is b20 (making the source
symmetric about the x-y plane as in the exploding mass
example treated above). This is not an altogether un-
reasonable simplification as rotation in a progenitor star
will generate perturbations in the star’s density profile
proportional to Y20(θ, φ) [32].
In Figure 3, we adopt the same geometric configura-
tion of source, Earth, and pulsar as used to produce
Figure 2. The results for SN in Figure 3 resemble the
non-relativistic curves shown in Figure 2; the ampli-
tude of memory radiated by the non-relativistic symmet-
ric exploding mass and our SN model vary in θ in the
same fashion. We have scaled the curves in Figure 3 by
∆SN = Gb20/c
5 rather than ∆z If we say b20 = 2b00,
∆SN ≈ 2.7 ns
( 2
0.01
)( b00
1053 ergs
)
. (19)
For non-relativistic velocities, the BWM produced by a
single mass being suddenly kicked away from the origin
is identical to the non-relativistic limit of Equation 2.
Writing |b10| = 1b00, the velocity of the kicked remnant
(of mass M) will be
|vz| ≈ 341 km s−1
( 1
0.01
)( M
M
)−1(
b00
1053 ergs
)
,
(20)
a safely non-relativistic value. Plugging this velocity into
Equation 11 and noting the similarities between Figures 2
and 6, it is clear that the kicked remnant contributes
substantially less to the magnitude of the memory than
the relativistic particles produced by the SN.
D. Inspiral Mergers
Inspiraling compact binaries, since they involve stel-
lar masses and relativistic velocities, are anticipated to
be sources of strong BWMs. Since the memory of such
systems grows over their entire inspiral history, the anal-
ysis we have done in this paper involving instantaneous
bursts is not entirely appropriate for treating this prob-
lem. Nonetheless, the memory is predicted to grow pri-
marily during the final stages of the merger on a timescale
approximately equal to a few times the light-crossing
time of the post-merger event horizon, effectively instan-
taneously given the weekly or monthly observing cadence
typical of pulsar timing [19].
For the symmetric exploding mass, Equation 2 shows
that the memory amplitude hmemij ∝ c∆z/r times a func-
tion of order unity describing the geometry and radiation
pattern of the source—a beam function. In Appendix B,
we show that for a supernova, hmemij ∝ c∆SN/r times a
beam function. Similarly, the amplitude of the memory
produced by inspiral mergers is hm = ξGµ/c
2r times a
beam function where µ is the reduced mass of the sys-
tem and ξ ≈ 0.04 [19, 26]. In all of these cases, the beam
function is azimuthally symmetric. So, similar to our
definitions for ∆z and ∆SN, define
∆m =
ξGµ
c3
≈ 2 µs
(
ξ
0.04
)(
µ
10 M
)
. (21)
We do not work out the timing perturbation caused by
a local inspiral merger in detail, but as the three sources
we have considered all have azimuthally symmetric beam
functions, Figure 1 scaled by ∆m rather than ∆z or
∆SN accurately describes the timing perturbation that
is caused by a merging binary when the Earth and pul-
sar are confined to the binary’s orbital plane.
LIGO recently detected the merger of approximately
30 M binary black holes [33]. Though such events are
rare in our Galaxy, given the scale of ∆m, such a merger
(in our Galaxy) could produce a timing perturbation ex-
ceeding several microseconds over 10 to 20 years, a fea-
sibly detectable effect since many MSPs can be timed
with a residual RMS less than several hundred nanosec-
onds over decadal time scales.
E. Final Timing Perturbation Compared to
Limiting Plane Wave Value
We have thus far investigated the evolution of the tim-
ing perturbation caused by a local BWM. Here we com-
pare the final timing perturbation ∆F to the value antic-
ipated using the plane wave approximation, ∆P,F . We
7FIG. 4. The magnitude of the final timing perturbation, ∆F ,
divided by ∆P,F , the magnitude anticipated by commonly
used plane-wave descriptions of BWMs. The Earth and pulsar
are positioned at ψ = 0 and χ = +1/2 and −1/2, respectively.
The memory source is centered on the variable position (χ,ψ)
and the Earth-pulsar system has been confined to the memory
source’s symmetry plane. The dotted black curves are rays of
constant β emanating from the Earth’s position (from left to
right, they are 5◦ and 175◦). The dashed white curve is a ray
of β = 60◦. We discuss these rays in the text.
define two dimensionless parameters with which to spec-
ify the relative locations of the Earth, pulsar, and BWM
source. First, ψ ≡ b/d, the impact parameter divided
by the distance between the Earth and pulsar. Second,
χ, the distance from the Earth-pulsar midplane divided
by d with positive χ on Earth’s side of the midplane. In
terms of these parameters, the pulsar is located at ψ = 0
and χ = −1/2 while the Earth is located at ψ = 0 and
χ = +1/2. We place the BWM source at a variety of
values of χ and ψ and compute ∆F and ∆P,F . Their
ratio is depicted in Figure 4.
The black contour in Figure 4 shows where ∆P,F and
∆F are equal. As ψ →∞, the black contour continues to
extend vertically upward and asymptotically approaches
χ = 0. Everywhere right of the black contour the plane
wave approximation is an overestimate for ∆F , and ev-
erywhere left of the black contour, it is an underestimate.
In a small region where 1/2 . χ . 3/4 and ψ . 0.1
(inside the red contour), the plane wave approximation
overestimates the final timing perturbation by more than
a factor of 10. For −1/2 . χ < +1/2, and ψ . 10−0.5
(for Earth-pulsar separations of 1 kpc, this corresponds
to impact parameters less than approximately 300 pc),
and more specifically below the dashed white curve de-
picting a ray of constant β = 60◦, ∆F exceeds ∆P,F by
factors of more than 10, 100, and even 1000 (blue, cyan,
and green contours, respectively). The impact param-
eter is dE cosβ, or dE/2 along the dashed white curve
where β = 60◦. This particular value of β demarcates
a qualitative transition in the behavior in time of the
BWM-induced timing perturbation; we will discuss this
more in the next section.
The dotted black curve moving up and to the left cor-
responds to β = 5◦. The dotted black curve moving
up and to the right corresponds to β = 175◦. One can
see from Figure 4 that in the region between the Earth
and pulsar, the ray of β = 5◦ moves to higher values of
|∆F /∆P,F | as dE is increased. Said otherwise, in this re-
gion, the plane-wave approximation, counterintuitively,
becomes increasingly incorrect as the distance from the
Earth to the source is increased.
The curves in Figure 1 are all consistent with what
is shown in Figure 4. When β = 175◦ (corresponding
to the bottom panel of Figure 1), the BWM source is
always right of the solid black contour in Figure 4 and the
magnitude of the timing perturbation is always smaller
in magnitude than what is anticipated from the plane-
wave approximation, including when it saturates at ∆F .
When β = 5◦ (the top panel of Figure 1), the BWM
source is always left of the black contour in Figure 4
and the magnitude of the final timing perturbation is
always greater than what is anticipated from the plane-
wave approximation.
When discussing the centermost part of Figure 4, we
noted that ∆P,F becomes increasingly bad as an approx-
imation for ∆P as dE is increased along the β = 5
◦
ray. We see this in the cyan, green, and blue curves
in the top panel of Figure 1: increasing values of dE lead
to increasing deviation in the final timing perturbation
from the value predicted by the plane-wave approxima-
tion. Despite this, the inset shows that smaller values of
dE cause the timing perturbation to initially grow more
rapidly than what is anticipated by the plane-wave ap-
proximation.
On larger scales than what is shown in Figure 4, it
becomes clear that |∆F /∆P,F | approaches unity every-
where. When |χ| and ψ are on the order of 100, ∆P,F
deviates from ∆F by approximately one percent.
III. NEAR-FIELD BWMS AND PULSAR
TIMING ARRAYS
Typical BWM detection scenarios involve several years
of pulsar timing preceding the BWM passing through the
solar system. This allows the pre-burst rotational pa-
rameters2 of the pulsars to be well determined. Then
the BWM induces a correlated, simultaneous, and effec-
tively instantaneous change in the apparent rotational
frequency of all pulsars. After several additional years
of timing, depending on the amplitude of the burst, the
2 The observed pulsar periodicity is related to the rest-frame pe-
riodicity of a pulsar through approximately constant Doppler
shifts.
8orientation of the source relative to the Earth-pulsar sys-
tems, and the precision with which the pulsars are timed,
the influence of the BWM may be detected. Given the
non-linear growth of ∆ in time, derivatives of a pulsar’s
apparent rotational frequency may also be observed to
change and the timing signature will vary from pulsar to
pulsar in a manner much different than what is antici-
pated from very distant BWM sources.
To assess the BWM-induced change in the observed
rotational parameters of a pulsar, we model the timing
perturbation as a quadratic in time. Figure 1 makes it
apparent that in some cases the growth of ∆ cannot be
well described by a quadratic, even over only a decade of
post-burst timing. However, this model is motivated by
a common pulsar timing practice. A pulsar’s rotational
frequency and its derivative are always included in the
timing model that is fit to the observed pulse times of
arrival. This has the effect of removing a quadratic from
the timing residuals. We write
∆(t)
∆z
= G0t+ 1
2
G1t2. (22)
Higher order derivatives are sometimes included in the
timing models of young and energetic pulsars, but this
is typically not done for the very stable MSPs used in
precision PTA efforts as the frequency second derivative
is usually too small to be measured.
Suppose the Earth-pulsar system is again confined to
the x-y plane (so that we can rescale our results by ∆SN
or ∆m and still have correct results for those types of
BWM sources) and assume that post-burst, timing data
have been accumulated for T = 10 years. We fit the
model described in Equation 22 to T years of post-burst
evolution of ∆(t). In Figure 5, we show how G0 and G1
vary in χ and ψ. We also depict the ratio G1T/G0 to weigh
the relative importance of the linear and quadratic terms
over the span of T years. The masked white region in the
bottom left corner of each panel indicate regions where
tF < T and ∆ abruptly stops growing within the time T ;
this introduces spurious behavior in the quadratic fitting.
The thin blue ridge seen in the bottom two panels of
Figure 5 correspond to the ray of β = 60◦ highlighted
in Figure 4. For β < 60◦, the quadratic growth of the
timing perturbation causes ∆ to grow faster than the
linear growth of ∆P . This is easily seen in the green and
cyan curves in the inset of the top panel of Figure 1. For
β > 60◦, ∆ grows more slowly than is anticipated by ∆P
due to a change in sign of the quadratic term. For 60◦ <
β . 90◦, despite the slower growth of ∆ relative to ∆P ,
∆F still manages to exceed ∆P,F because ∆ continues to
grow after ∆P has plateaued.
A. Timing Model Fits
Unless a BWM were accompanied by some other de-
tected event—an electromagnetic or neutrino burst—one
would not know if or when the BWM occurred nor that
FIG. 5. Results of fitting a quadratic to ∆(t)/∆z between
t = 0 and 10 yr. The linear coefficient is G0 and the quadratic
coefficient is G1. The ratio G1T/G0 is a measure of the relative
importance of the linear versus the quadratic character of the
evolution of ∆(t).
9FIG. 6. The timing perturbation of a BWM with a quadratic
removed (R2 is ∆ with a second-order polynomial removed).
The two panels correspond to the BWM occurring at different
times within the 20 year window that is shown—5 years in for
the top panel and 10 years in for the bottom (the event occurs
at the time indicated by the vertical dashed black line). As in
the top panel of Figure 1, β = 5◦ and the four curves corre-
spond to different values of dE . All curves are multiplied by
dE/d to counteract reductions in the amplitude of the BWM
with increases in dE (Reminder: d is the distance between the
Earth and pulsar; dE is the distance from the BWM source
to the Earth). With dE/d = 10 (the red curves), the results
already begin to closely resemble the result obtained when
dE/d→∞.
a pulsar’s observed rotational properties underwent a
sudden change at a certain epoch. Without appropri-
ate modifications to a pulsar’s timing model, the timing
residuals for that pulsar would begin to show structure
unaccounted for by the model. The residuals would not
directly show the timing perturbation from the BWM as
that signature will be covariant with parameters of the
timing model.
In Figure 6, we show the BWM-induced timing residu-
alsR2 with a best-fit quadratic removed as happens when
fitting for a pulsar’s rotational frequency and its deriva-
tive. As with Figure 1, we have multiplied each curve by
dE/d to counteract the fall-off of the wave’s amplitude
with increasing dE . We show the result when the BWM
occurs 5 years (top panel) and 10 years (bottom panel)
into a 20 year data set (as indicated by the dashed black
line). We have fixed β = 5◦ because it is for small β that
the near-field effects are most pronounced.
The red and cyan curves of Figure 6, corresponding
to the largest source distances, resemble the signature
that is anticipated in the plane-wave limit: a double-
lobed structure with a kink at the epoch of the BWM.
The red curve in the top panel has a second kink later in
the 20 year time span. This occurs at tF when the tim-
ing perturbation stops growing (we discuss this in the
following subsection). The kinks are essentially indis-
cernible for the green and blue curves associated with
closer sources. Those curves instead resemble smoothly
varying cubics or quartics, qualitatively similar to the
low frequency timing-noise seen in some pulsars that is
commonly referred to as red spin noise [34].
B. The Pulsar Term
The moment when a BWM-induced timing perturba-
tion stops growing can introduce a dramatic change point
within a pulsar timing span and has been discussed as
another opportunity to detect a BWM, potentially thou-
sands of years after the wavefront passed over the Earth
[24, 25]. These so-called “pulsar term” detections face
the problem that the signal stops growing in different
pulsars at different times, so a change may be detected in
the behavior of an individual pulsar with no contempora-
neous detection in other pulsars to validate the behavior
as being due to a GW event rather than an anomaly in
a particular pulsar (a glitch, for example).
With the near-field effects of a Galactic BWM, pulsar
term detections are plausible because the timing pertur-
bation abruptly stops changing in some instances. We
see this prominently in, for instance, the cyan curve in
the top panel of Figure 1. We also see the pulsar-term
kink in the red curve in the top panel of Figure 6, even
after a quadratic has been removed as part of fitting a
timing model to the residuals. But this is not always the
case. Though there is formally a time tF when the tim-
ing perturbation stops changing, in many instances (e.g.
all curves in the top panel of Figure 2) the perturbation
gradually approaches ∆F and there is no discernible mo-
ment when the pulsar term event is observed to occur.
C. Globular Clusters and the Galactic Center
Conventional PTA efforts to detect GWs seek corre-
lations in the timing residuals of multiple pulsars. The
near-field timing effects we have investigated are most
pronounced when the BWM source is close to the path of
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photons traveling to the Earth from a particular pulsar.
A single Galactic BWM would produce signatures with
markedly different time-domain behavior and widely var-
ied amplitudes for pulsars in different parts of the Galaxy.
Globular clusters (GCs) host many MSPs within several
light years of each other [35]. These collections of ad-
jacent pulsars provide opportunities for multiple pulsars
to have nearly the same orientation relative to a BWM
source, whether the source is Galactic or much more dis-
tant. All pulsars in a GC would show similar BWM-
induced timing perturbations when the wavefront passes
through the solar system and the pulsar term events in
those pulsars would all occur within years of each other.
Additionally, the high stellar densities in GCs relative
to the Galactic field make them more likely locations
for Galactic BWMs to occur. Capture interactions and
mergers occur at an enhanced rate in GCs. It is possible
that GCs host intermediate mass black holes between
102 and 104 M, but the escape velocity of GCs is on
the order of tens of km s−1, placing a modest cap on the
velocities one can anticipate in a GC [36–39].
If a GC were to host a BWM, the impact parameter of
the BWM source relative to every cluster pulsar would
be on the order of a few lightyears, the characteristic
size of the GC. The distance to a GC is on the order of
kiloparsecs. To describe the location of a pulsar inside a
distant GC, we introduce the parameters rc, the distance
of the pulsar from the center of the GC, and ρ, the angle
between the line connecting the pulsar and GC center
and the line connecting the GC center and the Earth
(see the top panel of Figure 7). When rc  dE ,
tF =
rc
c
(1− cos ρ) +O
(
r2c
cdE
)
, (23)
and if we take the source to be a merging binary with
the Earth and pulsar confined to the x-y plane,
∆F = −∆m
2
(1− cos ρ) +O
(
rc
dE
)
. (24)
In less than the light crossing time of the cluster, the
timing perturbation reaches ∆F which approaches ∆m
as ρ approaches pi. In the bottom panel of Figure 7, we
show ∆(t) through tF for 5 different values of ρ assuming
dE = 10 kpc, rc = 1 pc, and µ = 100 M.
The features of GCs we have discussed are also de-
scriptive of the Galactic center. The high density of
stellar and intermediate mass black holes in this region
plus the presence of the supermassive black hole Sagit-
tarius A∗ make the Galactic center a potential source of
a Galactic BWM [15]. Additionally, there could be be-
tween 102 and 103 pulsars beamed towards Earth within
a parsec of the Galactic center [40, 41]. Intervening gas
and dust strongly disperse and scatter radio pulsations
coming from the Galactic center. This causes great chal-
lenges for discovering pulsars in this region. But pulsar
searches in this region are ongoing and next-generation
telescopes and instrumentation will likely begin to reveal
this pulsar population [42, 43].
FIG. 7. Top: A schematic representation of a dense cluster,
e.g. a globular cluster or the galactic center, as it is oriented
relative to the Earth. We consider a BWM source positioned
at the center of the cluster and a pulsar at a distance rc from
the cluster’s center and at an angle ρ from the line connect-
ing the BWM source and Earth. We consider a cluster 10
kpc from Earth and a pulsar 1 pc from the BWM source.
Bottom: The timing perturbation produced for a variety of
angles ρ. We have assumed the BWM source is a merging bi-
nary situated in the x-y plane, that the Earth and pulsar are
also confined to this plane, and that the binary has a reduced
mass of 100 M (setting the magnitude of ∆m).
The timing perturbation from inspiral mergers is pro-
portional to the reduced mass of the system, µ. When
the ratio of the more massive object in a binary to that of
the less massive object is large, the reduced mass tends
towards the mass of the less massive object. So even
if there are intermediate mass black holes in GCs with
masses of 102 to 104 M, the reduced mass of any bina-
ries they are in will tend towards the 1 to 10 M of their
probable companion. The presence of Sagittarius A∗ in
the Galactic center allows for mergers with significantly
higher reduced mass. If a 102 to 104 M intermediate
mass black hole were to spiral into and merge with Sagit-
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tarius A∗, the pulsars in the vicinity of the Galactic cen-
ter could show a timing perturbation of tens to thousands
of microseconds over just a few years.
IV. CONCLUSIONS
Since pulsars are spread throughtout the Galaxy, it is
important to understand how they are influenced by any
potential sources of GWs close to them. The simple time
domain behavior of BWMs and that they are believed
to accompany a wide array of GW events makes them
particularly useful for these considerations. The analysis
we have done will prove instructive for future efforts to
understand other potential Galactic GW sources influ-
encing PTAs.
Because SN occur on the order of once per century
per Galaxy, they are among the most reasonable poten-
tial sources of a Galactic BWM. We found that given
the characteristic energy of a SN, detecting a BWM from
such a source through pulsar timing is unlikely. However,
rarer events that are more luminous in GWs (and thus
memory), such as inspiral mergers of compact remnants,
are potentially detectable with fortuitous alignment of
the BWM source and well-timed pulsars. Certain as-
trophysical environments, like globular clusters and the
Galactic center, offer an enhanced likelihood of a BWM
occurring and an increased concentration of pulsars (all
relative to the Galactic field). Though there may be dif-
ficulties in precisely timing pulsars in such environments
due to gravitational interactions within the dense envi-
ronments and interstitial gas and dust in the case of the
Galactic center, pulsars in these environments may prove
useful for detecting Galactic BWMs, particularly if some-
thing like a binary black hole merger were to occur. The
merger of a binary with a reduced mass on the order of
100 M could induce a timing perturbation of tens of
microseconds over the span of just a few years and the
perturbation scales linearly with the reduced mass. This
is a large perturbation compared with typical pulsar tim-
ing accuracy and could be detected.
As a final thought, near-field effects provide a means
by which BWMs can influence pulsar timing efforts not
only at the times when the wavefront passes through the
solar system and past the pulsar, but also during the en-
tire interregnum between these events, likely thousands
of years. For BWMs from extragalactic sources that are
well described as plane waves, the timing perturbation
grows linearly in time causing the measured rotational
period of a pulsar to differ very slightly from its intrinsic
value. With no a priori knowledge of the pulsar’s intrin-
sic rotational period, this slight deviation will be entirely
subsumed into the timing model for that pulsar.
But near-field effects lead to BWM-induced timing per-
turbations that evolve in a non-linear, non-polynomial,
and sometimes non-monotonic fashion. If SN occur in
the Milky Way once or twice per century, the BWMs pro-
duced by dozens of SN over the last few millenia, each of
which may have been individually undetectable by mod-
ern PTAs, could form a non-negligible stochastic GW
foreground. Multiple rarer and brighter events, the most
energetic classes of SN or mergers of compact objects,
may also contribute to this foreground. The properties
of such a foreground, both spectral and spatial, and the
prospects for its detection by PTAs, will be considered
in future work.
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tional Science Foundation (NSF) operated under cooper-
ative agreement by Associated Universities, Inc. This
work was supported by the National Science Foundation
under Grant No. 1417132 awarded to DFC and through
the NANOGrav Physics Frontiers Center award number
1430284.
Appendix A: Asymptotic Behavior for Distant
BWMs
First consider tF as defined in Equation 13. It can be
written as
tF =
b
c
[
+
√
(cotβ − )2 + 1−
√
cot2 β + 1
]
,(A1)
where  = d/b. Note that b = dE sinβ. If   1, as it
will be in the limit dE →∞, a sound expansion of tF is
tF =
b
c
[
(1− cosβ) +O(2)] ,
=
d
c
(1− cosβ) +O
(
d2
cb
)
. (A2)
Our solution thus reproduces the lag between t0 and t1
at leading order. The higher order corrections become
important for small values of b which can be achieved for
even very large values of dE if sinβ is sufficiently small.
This tension between large values of dE and small values
of sinβ will appear again in these asymptotic expansions.
Now we analyze the time evolution of ∆ to show that
it asymptotically reduces to ∆P for variations of ϕ and
β. For simplicity, we will look at its time derivative since
for times between t0 and t1, the time derivative of ∆P is
a simple constant for fixed values of ϕ and β:
d∆
dt
= −∆z α0 + α1uL + α2u
2
L
2(1 + u2L)
5/2
duL
dt
= −∆z α0 + α1uL + α2u
2
L
2(1 + u2L)
5/2
(
c
dE
cscβ
duL
dδ
)
,
(A3)
where δ ≡ ct/b. We have already seen based on the
behavior of tF for very large dE that t grows to, at most,
twice the Earth-pulsar light travel time before uL → u−
and the evolution in time halts. Then, for sufficiently
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large values of dE , again, since b = dE sinβ, δ  1 for all
values of t.
We consider a specific configuration where the Earth
lies in the x-z plane, an angle θ from the positive z axis,
i.e. dˆE = sin θxˆ+cos θzˆ. Since the memory source we are
considering is axisymmetric, there is no loss of generality
by confining the Earth to the x-z plane. We describe the
position of the pulsar relative to the Earth with spherical
polar coordinates θP and φP :
dP − dE = d(cosφP sin θP xˆ+
sinφP sin θP yˆ+
cos θP zˆ). (A4)
Recognize that (dP −dE)/d = −kˆ. The components of bˆ
can be found by solving the following system of equations:
bˆ · (kˆ× dˆE) = 0, (A5)
bˆ · kˆ = 0, (A6)
|bˆ| = 1. (A7)
If bˆ is a solution to the above equations, −bˆ will be as
well. This sign ambiguity is easily resolved by recogniz-
ing that in any configuration of Earth, pulsar, and GW
source, bˆ · dˆE = | sinβ| ≥ 0. The solution is
bˆx = b
−1
n
[
sin θ(cos2 θP + sin
2 φP sin
2 θP )
− cos θ cosφP cos θP sin θP ] , (A8)
bˆy = b
−1
n [sinφP sin θP (cos θ cos θP
+ sin θ cosφP sin θP )] , (A9)
bˆz = b
−1
n [sin θP (cos θ sin θP
− sin θ cosφP cos θP )] , (A10)
where,
bn =
[
sin2 θ cos2 θP
−2 cos θ sin θ cosφP cos θP sin θP
+ sin2 θP (cos
2 θ + sin2 θ sin2 φP )
]1/2
. (A11)
With kˆ and bˆ fully determined, everything in Equa-
tion A3 is fully determined. If we then expand Equa-
tion A3 in powers of δ, we can express the result as
d∆
dt
=
c∆z
2dE
sin2 θ cos
[
2 arctan
(
kˆy
kˆ · (yˆ × dˆE)
)]
×
(
1 + kˆ · dˆE
)
+O(δ). (A12)
To zeroth order in δ, d∆/dt is identical to Equation 14
if we recognize that
hB =
c∆z
dE
sin2 θ, (A13)
ϕ = arctan
(
kˆy
kˆ · (yˆ × dˆE)
)
, (A14)
(A15)
and, again, that cosβ = kˆ · dˆE .
Appendix B: Memory from Supernovae
In an inertial frame (call it frame B) with coordinates
r, θ, and φ, let the energy distribution of relativistic par-
ticles released by the supernova be
dE
dΩ
=
∑
l,m
blmYlm(θ, φ). (B1)
Assume that the particles move radially outward at the
speed of light, i.e. v = cζˆ where ζˆ points in the direc-
tion of an infinitesimal parcel of jettisoned energy. We
can express the TT metric perturbation from memory a
distance r from the origin in direction nˆ as
hmemij,B =
4GΘ(tret)
c4r
Λij,kl
∫
dΩ
dE
dΩ
ζˆk ζˆl
1− nˆ · ζˆ .
(B2)
The above integral is more readily done in a frame
that is rotated relative to frame B (call it frame A with
coordinates θ′, φ′, and r′) such that nˆ = zˆ′. We will
eventually have nˆ track a photon along its trajectory, so
frame A will rotate dynamically in time relative to frame
B. We can re-express the energy distribution in frame A:
dE
dΩ
=
∑
l,m
almYlm(θ
′, φ′). (B3)
Let R = Rz(φt)Ry(θt)Rz(−φt) be the Euler rotation
matrix rotating frame B into frame A. Ry(θt) is a rotation
by θt about yˆ and Rz is similarly defined. The rotation
satisfies the condition Rzˆ = nˆ. The first rotation about
zˆ does nothing to zˆ, but by setting that angle to −φt, we
ensure that there is no relative rotation between frames
A and B when θt = 0. The coefficients in frame A can
be written in terms of the coefficients in frame B as
alm =
∑
m′
bl,m′e
i(m′−m)φtdlm,m′(θt), (B4)
where dlm,m′ are Wigner (small) d-matrix elements.
In frame A, the denominator in the integrand of Equa-
tion B2 simplifies to (1− cos θ′) and the integration can
be carried out:
hmemij,A =
4GΘ(tret)
c4r
∑
l≥2
µl(al−2Tij + al2T ∗ij), (B5)
where
T =
 1 − i 0−i − 1 0
0 0 0
 , (B6)
and
µl =
√
(2l + 1)pi
24
∏l−1
j=2(j + 3)(j − 1)−1
. (B7)
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The metric perturbation in frame A can be converted
back to frame B with the Euler rotation R. Noting that
R is an orthogonal matrix with RT = R−1,
hmemij,B = R
T
ikh
mem
kl,ARlj . (B8)
Defining kˆ′ = Rkˆ,
kˆikˆjh
mem
ij,B =
4GΘ(tret)
c4r
∑
l≥2
µl
[
al−2(kˆ′x − ikˆ′y)2+
al2(kˆ
′
x + ikˆ
′
y)
2
]
. (B9)
Only moments with l ≥ 2 influence the memory, so
the memory from the shell is independent of the total
energy or linear momentum of the shell. For illustrative
purposes, we will consider a case with |b20| > 0 but all
other moments with l ≥ 2 are zero. In this case,
a2−2 = a∗22 =
√
3
8
b20e
2iφt sin2 θt, (B10)
and it can be shown that
∆(t)
∆SN
=
√
5pi
2
∫ u+
uL(t)
du
sin2 θt√
u2 + 1
×
[(kˆ′x − kˆ′y)(kˆ′x + kˆ′y) cos (2φt) + 2kˆ′xkˆ′y sin (2φt)],
(B11)
where ∆SN = Gb20/c
5
Through R, kˆ′ is a function of θt and φt, themselves
functions of u:
θt = arccos
(
ukˆz + bˆz√
u2 + 1
)
, (B12)
φt = arctan
(
ukˆy + bˆy
ukˆx + bˆx
)
. (B13)
To produce Figure 3, we computed the integral in Equa-
tion B11 numerically.
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